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VOLUME ION PRODUCTION COSTS IN TENUOUS PLASMAS: A GENERAL ATOM 

THEORY AND DETAILED RESULTS FOR HELIUM, ARGON, AND CESIUM* 

by John V. Dugan, Jr., and Ronald J. Sovie 

Lewis Research Center 

SUMMARY 

A simple general theory for  the volume ion production cost and ion production rate  is 
presented for an arbitrary tenuous plasma having a Maxwellian distribution of electron 
energies. The ion production cost results a r e  obtained by comparing the relative prob­
abilities for the competing inelastic processes of excitation and ionization. The general 
theory treats a simplified atomic model and gives the volume ion production results for 
a general atom as a function of electron kinetic temperature. The results of this general 
theory are shown to be in good agreement with those of more detailed calculations for 
helium, argon, and cesium gases. These detailed results a r e  obtained by considering 
the discrete atomic structure of the target atbms and a r e  presented for  two distinct cases: 
(1)a monoenergetic electron beam incident upon a cold neutral gas, and (2) the interaction 
of a thermal electron gas with cold neutrals. The semiclassical Gryzinski method was 
used to determine theoretically the c ross  sections needed for the general atom theory and 
the detailed argon and cesium studies. Experimental excitation functions were used in 
the detailed helium calculations. The Gryzinski technique for calculating cross  sections 
is discussed, and the results of this theory a r e  compared with available experimental 
data. This comparison shows that the Gryzinski method generally gives absolute cross  
sections that are good to within a factor of two or better. Its application should not intro­
duce significant e r ro r  in an  eV/ion calculation, however, since the relative rates of the 
processes involved a r e  of interest and not their absolute magnitudes. 

*Portions of the calculations presented herein were presented at the 17th Gaseous 
Electronics Conference sponsored by the American Physical Society, Oct. 14- 16, 1964 
in Atlantic City, N. J. (See also NASA TM X-52064 1964) and at the 19th Gaseous Elec­
tronics Conference in Atlanta, Ga., Oct. 12-14, 1966. 



INTRODUCTION 

In certain plasma devices operated at low pressures (e. g. , Hall current accelerator, 
travelling magnetic wave accelerator, r-f discharges), it is useful to know the net energy 
cost for each ion produced in the plasma, the ion production rate, and the product of these 
terms which is the net power consumed in ion production. These quantities are necessary 
to perform calculations on steady-state power balance and species continuity for these 
systems. Specifically the ion production rate  and the net power consumed in ion produc­
tion are required to evaluate the inelastic collision te rms  in the macroscopic continuity 
and energy equations, respectively (ref. 1). 

Since there a r e  many methods of producing and maintaining laboratory plasmas and a 
wide range of operating pressures and energies, the ion production results for all plasma 
devices cannot be completely described. The applicability of this study is therefore 
limited in scope. It is confined to low pressure,  optically thin plasmas with an elevated 
electron kinetic temperature. In low pressure plasma discharges the energy is generally 
added to the electrons and is then transferred to the other species by collisions. These 
collisions may be either elastic or  inelastic; the former resulting in gas heating and the 
latter in excitation and ionization processes. In plasma production devices the electron 
energy is expended usefully if the atom is ionized but is lost if  the target atom is excited 
and radiates away the excitation energy. In this sense a volume ion production cost may 
be defined that is generally applicable to these plasma devices and is independent of spe­
cific experimental configurations and boundary effects. Since in an actual experiment 
other loss mechanisms will be present, this definition constitutes only one term in the 
ultimate energy balance equation. This cost is obtained by comparing the relative rates 
for the competing processes of excitation and ionization. Such a cost will  of course de­
pend upon the distribution of electron energies in the plasma. Therefore, two plasma 
electron energy distributions a r e  considered as limiting cases of ion production costs 
(1)a monoenergetic electron beam incident upon a cold neutral gas, and (2) a Maxwellian 
electron gas interacting with a cold neutral gas. 

These costs could be straightforwardly calculated, if the cross  sections for the 
various inelastic processes were known, by merely considering the collision frequency 
ratios for the processes of ionization and excitation. Ground state ionization cross  sec­
tions have been obtained experimentally for  most gases of interest; however, experimen­
tal ground state excitation cross  section data a r e  not generally available. This fact 
coupled with the complete lack of reliable inelastic c ross  sections for excited atomic 
states has seriously limited the calculation of ion production costs. This difficulty may 
be resolved, however, by use of the semiclassical Gryzinski (ref. 2) technique for cal­
culating the needed cross  sections. 

The good agreement between the predictions of this method and the available experi­
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mental c ross  sections indicate that this method can serve as a good approximation over a 
range of energy from inelastic threshold to several hundred electron volts. This method 
should be applied carefully, however, and the primary cri teria for validity should be re­
liable experimental data, or, lacking this ,  the results of more refined quantum mechanical 
theory. Since ratios of the c ross  sections appear in the energy cost expression, it is 
sufficiently accurate i f  the theory predicts correct relative shapes for the excitation 
functions and not necessarily their correct absolute magnitudes. 

Since it is desirable to do relatively simple calculations, the question of important 
excitations becomes a critical one. The number of important final states determines the 
atomic model to be used for the eV/ion calculation. In this respect, the use of the 
Gryzinski method is advantageous in that the c ross  section formulation affords a simple 
calculation of the volume ion production costs for a general atom. This general atom 
consists of the ground state and one effective excited state weighted for energy loss. The 
simple calculation is relatively accurate because the total excitation c ross  section is 
generally not very different from the sum of the individual excitation c ross  sections. 
Thus, consideration of a simplified atomic model thereby eliminates the detailed study of 
excitation to all possible allowed states of the atom. 

In this note the volume ion production results for a general atom are obtained for the 
case of a Maxwellian electron gas interacting with a cold neutral gas. The results of this 
general atom theory a r e  compared with those of detailed studies for argon, helium, and 
cesium gases. Detailed calculations for these gases have also been carried out for the 
case of a monoenergetic electron beam incident upon a cold neutral gas. Finally, there 
is a section devoted to a detailed critique of the semiclassical c ross  sections over the 
entire range of electron energies of interest. 

ION PRODUCTION EQUATIONS 

Assumptions and Limitat ions 

The ion production cost calculated herein is based on the assumption that the sole 
energy loss mechanism for  f ree  electrons is inelastic collisions with ground state atoms 
(i. e., ionization and excitation of bound electrons). In the range of electron energies 
and temperatures of interest (from several to 50 eV), the energy loss in elastic collisions 
is clearly negligible. This is because the average fractional energy loss per encounter is 
small  (AE/E E 2me/mo 5 compared with the inelastic energy losses. (Symbols 
are defined in appendix A . )  The results presented are applicable only to  low pressure 
(No 5 10l2 to 1014 ~ m - ~ ,Ne 5 10l1 to 10l2 cm-’), partially ionized, optically thin 
plasmas for  which cumulative inelastic impacts are improbable (i.e., tenuous plasmas 
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(refs. 3 and 4)). In this case,  the collision frequencies for important excited state tar­
gets are considerably less than the corresponding radiative transition probabilities, which 
are of the order of 108 seconds-' for the rare gases and 106 seconds-' for cesium. A 
separate study has been conducted to  investigate the effect of metastable atoms on ion pro­
duction processes in a tenuous helium plasma and thereby to  estimate the contribution of 
long-lived (electronic) excited states (ref. 5). These long-lived states will have a max­
imum effect in helium, and since this maximum effect was of the order of 25 percent in 
helium, they a r e  not considered in the general atom theory. 

Processes by which charged particles recombine may be considered separately in the 
ultimate power and species balance calculations. Low pressure discharges are primarily 
wall controlled, and for wall recombination this energy is considered as being lost from 
the plasma. This is a good approximation since the radiant f lux  from the wall to the 
plasma never becomes an important energy te rm even for low temperature plasmas. In 
partially ionized tenuous plasmas the energy released from radiative recombination also 
escapes from the plasma, and the rate  a t  which this process populates electronic states 
remains negligible. There may be an energy feedback to the f ree  electrons in three-body 
recombination and superelastic collisions, but these processes proceed a t  relatively low 
rates for the plasmas considered herein. 

The monoenergetic beam study is a somewhat hypothetical limiting case which gives 
correct  results for a beam incident upon a cold neutral gas. If the beam were impinging 
upon a plasma, however, the beam electrons may not collide directly with the neutrals, 
but could be thermalized by beam electron-plasma electron collisions or set  up unstable 
plasma oscillations. These possibilities a r e  Considered in the discussion of this latter 
type of interaction in appendix B. 

DeveIopment of Equations 

Monoenergetic beam case. - In this section, the equations necessary for determining 
the energy cost per ion will be developed for a monoenergetic beam of energy EB in­
cident upon a cold neutral gas. Let the normalized probability that a beam electron of 
energy EB will produce an ion be called P+(EB). The energy cost for each ion pro­
duced by the beam is then given by the relation 

with the assumption that any excited state produced will lose the excitation energy by ra­
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diation. In order to discuss the evaluation of the te rm P+(EB), define the normalized 
probability for an inelastic collision with an energy loss U

j 
as 

where Q (E ) is the cross  section for an inelastic collision with energy loss U at the
j Bbeam energy EB and Qtot(EB) is the total inelastic cross  section for the same

j 
beam 

energy. Furthermore, le t  the lowest energy level in the atom be represented as the 2th 

state such that the minimum energy loss in an inelastic collision is U2. 
If the beam energy is such that EB - U2 IUi, then any electron that has an inelastic 

collision will not have enough energy left to cause an ionization. All the ions must there­
fore be produced by the first inelastic collision. The normalized probability for ionization 
in this case is given as 

P
+

(E ) = 
&+(E,) 

1 B  

Qtot(EB) 

Thus in the'case EB - U2 5 Ui, P+(EB) = Pf(EB). 

If the free  electron energies after the first collisions are greater than the ionization 
energy, cumulative probabilities must be included since these electrons may also produce 
ions. Consequently, in the range of beam energy from EB - UL = Ui to EB - 2U1 5 Ui, 
P+(EB) is given by the sum of the normalized probabilities for ionizing in either the first 
or second collision. Any electron in this energy range that has had two inelastic colli­
sions wi l l  not have enough energy to ionize. In this case, 

where 

and the j indicates the summation over all inelastic processes including ionization. 
As the beam energy is further increased to the limit EB - 3U2 IUi one must con­

sider the normalized probabilities for ionizing in either the first, second, or third colli­
sion in the calculation of P+(EB). In this case,  
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where 

and the k also indicates a summation over all inelastic processes. This procedure may 
be readily extended to higher beam energies by accounting for the additional ionization 
probabilities. The energy cost is calculated at each beam energy by substituting the ap­
propriate P+(EB) t e rm into equation (1). In this treatment the calculations were termi­
nated at a beam energy such that a maximum of three successive collisions were consid­
ered. 

Maxwellian distribution case. - In this section the interaction between neutral gas 
atoms and a Maxwellian electron gas with an elevated electron kinetic temperature is 
analyzed. The theory is developed in the same manner as in reference 4. 

The rate at which ground state atoms a r e  raised to the jth excited state by mono-
energetic electrons of speed ve is 

N.(v ) = N N Q.(v )v cm- 3  sec- 1  
(8)j e  o e ~ e e  

The cross sections employed, Q., a r e  functions of electron speed ve. (Q is generally
J 

represented as a function of incident electron energy E2. However, when the collision 
coefficients a r e  calculated, it is advantageous to express Q as a function of electron 
velocity ve. ) If there is a known distribution of f r ee  electron energies (Maxwellian, in 
this case), equation (8) becomes 

- 3  -1N.
J 

=N,N,(Q.(v )V ) cm sec ~ (9)J e e  

The bracketed quantity which represents the Maxwell averaged product of the cross  sec­
tion and electron velocity is the familiar collision coefficient in units of cubic centimeters 
per second. The rate at which energy is expended in excitation processes from the ground 
state is 
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Similarly, the rate of ion production in one-step ionization from the ground state is 

where (Q+(ve)ve) is the coefficient for ground state ionization. The rate at which energy 
is lost in this ionization process is given by 

The net energy cost for producing singly ionized atoms is 

Eion + Ej, ex eV/ion'pT= -__--
*ion 

which may be rewritten as 

The net power consumed in ion production is simply the product of the ion production rate  
and the energy cost per ion. This power consumption is given by 

W = 1 . 6 0 2 ~ 1 0 - ~ ~NoNe (Q'(ve)v,) cp W/cm 3 (15) 

In equations (8) to (15) it is assumed that ionization from excited states has little effect on 
the energy cost per ion (ref. 3). 

Cross Sections and Col l is ion Coeff icients 

Experimental values. - The cross  sections used in the helium calculations were those- - ~.~~ 

previously employed in reference 3. In this reference the results of a number of individ­
ual investigations of helium excitation c ross  sections were combined to yield a credible 
self -consistent se t  of helium excitation c ross  sections as a function of electron velocity. 
These excitation functions were multiplied by the electron velocity and averaged over a 
Maxwellian distribution of free electron energies to obtain the corresponding collision 
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coefficients. The argon and cesium cross  sections used in the present treatment w e r e  
calculated by using the semiclassical Gryzinski method. 

__-Gryzinski theory_-- description, details of use, and limitations. - The Gryzinski c ross  
section expressions were derived in a classical manner with the assumption that the in­
elastic electron-atom collision may be described purely as a two-body encounter between 
the incident and bound electrons. In the first approach to this problem (ref. 2) it was as­
sumed that the bound electron had a single specified energy. Later refinement of the 
theory (ref. 6) incorporated the effect of variation in the bound electron energy by the 
distribution function f(v) = (v/vm) 3e -(v/vm> where vm is the mean electron velocity. 
This choice of the form of f(v) agpears somewhat arbitrary and is inconsistent with dis­
tribution functions obtained from quantum mechanics. $?heassumption is not critical 
within the framework of the approximation, however, and the main justification for use of 
the later Gryzinski expression throughout will be agreement with existing experimental 
data. Monoenergetic c ross  sections calculated by this technique a r e  generally found to be 
in satisfactory agreement with experimental data. They also exhibit the proper behavior 
at high electron energies (i. e. (In E2)/E2 behavior for E2 >> El : E2 = kinetic energy 
of incident electron and E l  = kinetic energy of bound electron). 

According to the Gryzinski formulation (ref. 6) the cross  section for an inelastic 
electron atom collision with an energy loss equal to or  greater than a value U is given 

by 

where 

(E2  "."( )3'2 

gQ u'- E2 E2 
1 


For a one electron outer shell, El  is equal to the ionization potential U.. The
1 


symbol M (eq. (16)) denotes the number of equivalent electrons (same principal and 
azimuthal quantum number) in the outer shell of the target atom. The target atom is 
considered to be in the ground state unless specified otherwise; M serves as an effective 
probability factor which accounts for the number of target electrons most likely to undergo 
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inelastic energy transfer. For atoms with M > 1, the quantity El should be calculated 
to be the mean energy required to remove all of the outer shell electrons. However, the 
choice of El is only critical in the case of low temperature plasmas since its most sig­
nificant effect is upon the slope of the cross  section near threshold (ref. 7). For con­
venience El  will be taken as the ionization potential Ui throughout this study as was 
done in references 7 and 8. 

In the special case  of ionization the threshold energy loss U = Ui and equation (16) 
may be written as 

&+(Ui, E2) = 3(i)r2)3/2 [' + (1 - &) In (2.7 + -1 (18) 
U; 

where x = E2/v.1 is the dimensionless incident electron energy. 
The Gryzinski for mulation is particularly amenable to calculation of the ionization 

cross  sections. The ionization expression considers only the possibility of an energy 
loss equal to o r  greater than a certain value U = Ui to a continuum of f ree  energy states. 
The upper limit on the energy transfer in the collision is merely that of the incident 
electron E2. If one wishes to calculate the cross  section for excitation to a discrete 
atomic level, the arrangement of the bound electronic levels which may be reached in the 
collision must be considered. However, the quantum mechanical structure of the target 
atom was not explicitly accounted for in the purely classical derivation of the c ross  sec­
tion expressions. Thus, there is no formalism available for the straightforward treat­
ment of the various types of discrete atomic excitations. Certain rules have therefore 
been adopted in this investigation on the basis that the results obtained show good agree­
ment with the available experimental data (c. f .  , appendix C). 

In order to clarify the discussion of excitation to discrete energy levels, it is neces­
s a r y  to distinguish between allowed (direct) excitations and other less  likely excitation 
processes. An allowed excitation is an excitation to an atomic level which may also be 
reached from the initial state directly by the absorption of radiation (i.e. , the selection 
rules A L = - + l ,  AS=O are satisfied). A forbidden excitation is an excitation to an atomic 
level for which a radiative excitation to the final state is optically forbidden (i.e. , A L  f k l  

and/or AS #*to). 
An additional aspect of electron-atom collisions which must be considered is that of 

the electron exchange process. Quantum mechanics allows for exchange of incident and 
bound electrons during collisions because of the required antisymmetry of the total wave 
function which has spin and space parts. This process may occur for interacting elec­
trons with identical or  different initial spins (i.e. , singlet or triplet configuration). On 
the other hand Gryzinski has ignored spin considerations and oversimplifies the electron 
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exchange problem by considering the bound electron as initially residing in a potential 
well of height Ui. The incident electron can obtain enough energy in the atomic field to 
change places with the bound electron. The Gryzinski exchange cross  section may be 
written as 

where 

Un E 2 - U n  if E2 < Un+l 
'i 'n+l- 'n 

g e x c h t ,  ') = - .  

'n 'n (E2 + U p 2  + ui - Un) 1'n 
~ if E2 > Un+l 

E2 + U.1 - Un+l 

and p is an effective probability factor which will be discussed. In equations (19) and 
(20), Un and Un+l represent the energies of the state being excited and the cutoff state. 
The choice of these quantities will also be discussed in detail presently. 

It should be noted that the exchange cross  section should be added to the direct exci­
tation expression in the case of an allowed transition since it is a competing process. 

Now consider the general formulation for the calculations of excitation cross  sections 
for discrete atomic states. The formulation for an allowed excitation will be used here 
for convenience. When the kinetic energy of the incident electron is above the excitation 
threshold for the state being considered (i.e . ,  E2 > Un where Un is the excitation en­
ergy) and below that of the next higher excited state of excitation energy Un+l, the c ross  
section is simply given by equation (17) with U = Un. However, once the incident elec­
tron has enough energy to excite the level at energy Un+l, excitation to this state com­
petes with the excitation to the state at energy Un. Then the cross  section expression 
must become a difference function. Thus, the cross  section expression for excitation to 
the state at energy Un is a measure of the probability of an excitation into the energy 
range Un to Un+l. This probability may be written as 

In equation (21) the quantities Un and Un+l, respectively, are substituted for U in 
equation (17). The choice of the Un+l level is critical in determining the value of the 
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cross  section particularly at high values of E2 where Q(Un) and Q(Un+l) are of com­
parable value. This fact raises the question of whether the limiting state chosen as Un+l 
should be either (1)the next spectroscopically allowed state or (2) merely the next elec­
tronic state. The most obvious choice for cases of radiation allowed excitation is the 
first procedure because the chance of an incoming electron exciting an optically forbidden 
state is considerably less than that of exciting an allowed state. 

When cross  sections a r e  calculated for forbidden levels, however, two major diffi­
culties a r i s e  (1)the choice of the c ross  section expression to be used and (2) the choice 
of the Un+l level to be used. In regard to the first case the comparison with the experi­
mental data (see appendix C )  suggests certain rules for application of the classical ex­
pressions to these excitation processes. The following major rules have therefore been 
adopted. It appears that satisfactory agreement is obtained with experiment if the 
Gryzinski exchange cross  section is used to describe collisions where AS # 0; however, 
the same cross  section is unsatisfactory for A L  # hl, AS = 0 collisions. Although the 
exchange peak value is sometimes satisfactory for A L  = h2, AS = 0 collisions there is 
a large discrepancy in the shapes of the theoretical and experimental excitation functions. 
The aforementioned results a r e  roughly in agreement with the results of the quantum me­
chanical predictions of Ochkur (ref. 9) for exchange transitions. In calculating the ex­
change cross  sections for an atom such as helium, there a r e  several choices for the 

'n+l state. These choices a r e  the following: 
(1) The next forbidden state with the same multiplicity as the Un state 
(2) The next forbidden state with different multiplicity 
(3) The next forbidden state with the same L value as the Un state (same multi­

plicity) 
The classical approach to the problem suggests that there a r e  equal probabilities that the 
final (bound) electron spin will  be parallel o r  antiparallel to the original electron spin 
after an exchange collision. Then an effective probability factor of p = 1/2 can be as­
sumed in the calculated exchange cross  section, and the Un+l state will have the same 
multiplicity as the Un state. The choice of the Un+l state (for exchange collisions) is 
therefore resolved into choosing the next state in the same spectral ser ies  (same L value 
as the Un state) or the next state with the same multiplicity. On the basis of agreement 
with experimental data, the next state in the same spectral se r ies  was used except fo r  
the A L  # h l  transitions in cesium where all states have effectively the same multiplicity. 
A comparison of the calculated semiclassical cross  sections with available experimental 
data is given in appendix C .  When the theoretical cross  sections a r e  used, the appropriate 
collision coefficients are obtained from the relation 
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where Q(Un+l, E2) = 0 for E2 < Un+l. The quantity Co is a normalization factor equal 

to ( 2 ~ r k T , ) ~ / ~ ( m ~ ) l / ~and the integration limits refer to the excitation process. The 
upper limit for ionization would be infinity and the lower limit Ui. 

ATOMIC MODELS USED IN DETAILED CALCULATIONS 

The energy levels used in the helium, argon, and cesium calculation are shown in 
figures 1, 2, and 3, respectively. In using the Gryzinski equation for the region of highly 
excited electronic states, the energy difference between excited states is small. There­
fore, the c ross  sections for the remaining levels can be very well approximated as those 
for one allowed level. In this case Un is the energy of the lowest state in the grouped 
level, Un+l is Ui, and the energy loss is considered to be the mean energy between Un 
and Un+l. This is a reasonable approximation in view of the inverse-square dependence 
of the excitation c ross  section on the excitation energy and the high density of excited 
states near the continuum. 

For cases when a group of states have essentially the same Un value, the c ross  sec­
tion for the group of levels is calculated using this Un as the excitation energy. The en­
ergy of the next group (next higher principal quantum number) is used as the Un+l value. 

APPROXIMATE THEORY FOR A GENERAL ATOM 

Due to the lack of available experimental data, it would be necessary to use theo­
retically obtained cross  sections if these ion production calculations were to be extended 
to other gases of interest. The detailed atomic structure would have to be considered for  
each atom and the various individual cross  sections would have to be calculated. How­
ever, the formulation of the Gryzinski c ross  sections and the atomic model used in calcu­
lating c ross  sections allow the formulation of an approximate atomic model which yields 
the ion production results for a general atom. The criterion for the usefulness of this 
general atom theory will  be that its results agree favorably with the more detailed calcu­
lations. Favorable comparison of these results with results obtained using experimental 
helium cross  sections would indicate that these semiclassical calculations are reliable for 
ion production calculations. Agreement with the detailed studies made using the semi­
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classical c ross  sections would indicate that consideration of the discrete atomic struc­
ture of the target atom is not necessary. 

In the general theory two assumptions are made (1) that the ionization and excitation 
cross sections are obtained from equations (16) and (17) and (2) that the atomic structure 
of the atom consists of one allowed excited energy level. The threshold energy of this 
level is that of the first excited state Uz, and its cutoff energy is the ionization potential 

Ui. The energy loss associated with an  excitation into this state is chosen to  be either 
the mean energy of the state (UI + Ui)/2 or the threshold energy Uz. The results will be 
obtained for both of these models and compared with those of the more detailed calcula­
tions. Using the one-level model results in the following ion production cost: 

-
where U is the energy loss assigned to the excitation and the brackets again define colli­
sion coefficients for excitation and ionization. However, (Qex(Uz)) is given by 

3 -1
(QeXWz))= (Q(U,)) - (&(Vi)) cm sec (24) 

where the brackets are understood to enclose a product of cross  section and velocity. 
Using equations (16) and (17) gives 

Considering the dimensionless incident electron energy x = E2/Ui and letting the dimen­
sionless excitation potential be y = U2/Ui results in 
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In the case of ionization, y = 1 and equation (24) may be rewritten with the use of 
equation (16) as 

The expression for q becomes therefore 

which reduces to 

r 1 

Now define the dimensionless volume ion production cost rp' such that 

r -
U-

'i 

which becomes 

or 

-
if  U is chosen to be (Uz + Ui)/2 or Ul, respectively. 
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RESULTS AND DISCUSSION 

Monoenergetic Beam Case 

The ion production costs for  the monoenergetic beam case using the energy levels in 
figures 1to 3 are presented as a function of beam energy by the solid curves in figure 4. 
For the three gases this cost drops very sharply as the beam energy increases f rom the 
ionization potential to a few volts above the ionization potential. The costs for the helium 
and argon atoms are seen to decrease in a slightly irregular manner as the beam energy 
is further increased. The relative trends of the curves a r e  as would be expected from an 
inspection of the atomic structure of the atoms involved. The cost is highest fo r  helium 
(highest first excited state and ionization potential) and lowest for cesium (lowest first 
excited state and ionization potential). Because of the large number of terms carried in 
the determination of ‘pB (eqs. (3) to (7)), the calculations had to be terminated at an en­
ergy that would allow a maximum of three ionizations. Consequently, comparison of the 
costs for the three atoms cannot be made over a wide range of energies. The dotted por­
tion of the cesium curve w a s  obtained by considering only two cross  sections, that is, the 
total excitation cross  section with an associated energy loss of 2.66 electron volts and the 
ionization cross  section. This approximation allowed the cesium results to be carried to 
higher beam energies. 

Results for the Maxwellian Distribution 

The results of the Maxwellian electron energy distribution calculations a r e  shown in 
figure 5 which is a plot of the volume ion production cost against electron kinetic temper­
ature. The ion production cost for each of the atoms is seen to decrease sharply with in­
creasing temperature up to about 12 electron volts. The cost then decreases slowly as 
the temperature is increased to 40 electron volts. The results of reference 5 a r e  also 
included in figure 5 to indicate the effect of metastable atoms on the volume ion production 
cost calculations. As would be expected, the energy cost  per ion was the greatest for  -
helium and the least  for ces‘ium. 

In order to facilitate the use of these results in other calculations such as power 
balance or  species continuity, two additional curves are presented for each of the gases. 
An ion production rate parameter Nion/NoNe (eq. (11))is plotted as a function of elec­
tron kinetic temperature in figure 6. Figure 7 shows the variation with electron kinetic 
temperature of the power consumption rate parameter for inelastic processes ‘ p N i o n / ~ o ~ e  
(es. (15)). 
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Discussion of Detailed Cases 

The results for  the monoenergetic beam are compared with the electron energy dis­
tribution results at the average electron kinetic temperature in figure 8. The costs for 
the distribution case  are considerably lower than those for the beam case. This result 
was  expected since the high energy tail of the distribution operates in a region where 
ionization is more probable than excitation. 

The values for the various collision times as calculated in appendix B are shown in 
figure 9. The plasma conditions assumed a r e  neutral particle density of 10l2 centi­

a fraction ionized of 10 percent (Ne = lo1' ~ m - ~ ) ,m e t e r ~ - ~ ,  and an electron temperature 
varying f rom 0. 5 to 10 electron volts. The electron-electron energy relaxation time and 
the inelastic electron-neutral collision time a r e  plotted against the monoenergetic elec­
tron beam energy in figure 9. The growth time for plasma oscillations has been calcu­
lated by considering the two-stream instability analysis in appendix B. For a plasma 
electron density of 10l1 ent ti meters-^, the growth time would be of the order of lo-' 
seconds which is very much less  than the times shown in figure 9. Consequently, an 
electron beam impinging on the partially ionized plasma would probably have i t s  energy 
randomized to some energy different from the beam energy and the electron kinetic en­
ergy of the plasma. The net energy cost per ion in this case would likely be below that 
for a monoenergetic beam and approach the electron distribution results at the average 
electron kinetic temperature shown in figure 8. 

General Theory Results 

The results presented for the general study a r e  the ionization cross  section, total 
excitation cross  section, Maxwell averaged ionization cross  section, and energy cost per 
ion for a general atom. The quantity (Ui2 /M)Q+(Ui) is plotted against x = E2 /Ui in fig­
ure  10, and the results must be multiplied by M/Ui2 to get the ionization cross  section. 
Figure 11 is the total excitation cross  section function as a function of x; in this case, the 

2r.esults must be multiplied by the appropriate M / U Z  to get the total excitation c ross  sec­
tion. Curves for y = UZ/Ui = 0.3 to 0.8 are included. The ion production rate param­
eter  fiion/NoNe = (Q+(ve)ve) = { Q(Ui)) may be obtained for a general atom from fig­
ure  12. Here the results must be multiplied by h!7/U;'2 to get the desired quantity. 
Finally cp' ,  the dimensionless volume ion production cost, is plotted against z (z = 

kTe/Ui) in figures 13 and 14 with y as a parameter. Figure 13 gives the results for the 
case = (U2 + Ui)/2 and figure 14 gives those for = UZ. From these figures the vol­
ume ion production cost for any atom may be obtained. Cross plots for y values not 
shown in figures 13 and 14 a r e  given in appendix D. 

16 




Comparison of General and Detailed Calculat ions 

The results obtained from the general atom theory a r e  compared with those for the 
more detailed study in figure 15. The results of the general atom study agree with the 
helium results obtained using experimental cross  section data to within about 12  percent. 
This agreement would seem to indicate that the Gryzinski cross  sections provide a good 
approximation for the ion production cost in lieu of available experimental data. The 
comparisons with the detailed studies made for argon and cesium using the theoretical 
cross  sections show that the results for v = (U2 + Ui)/2 agree to within about 14 percent 
for argon and 50 percent for cesium. The = U2 case is seen to give much better 
agreement in the cesium case. Such agreement should be expected from a study of the 
arrangement of the atomic energy levels for the various atoms. The levels a r e  distri­
buted such that the best results should be obtained if the v = (U2 + Ui)/2 case is used 
when U2/Ui > 0.45 and the U = U1 case when U2/Ui < 0.45. This fact is substantiated 
by the results shown in figure 15. The former choice corresponds to the r a re  gas case 
where the first excitation energy is nearly equal to the ionization energy. The latter case 
more nearly corresponds to the alkali atoms for which the first excitation energy is 
about one third the ionization energy. The results presented in figure 15 indicate that 
reliable ion production cost information can be obtained without considering the discrete 
atomic structure of the atoms involved. 

CONCLUDING REMARKS 

The semiclassical Gryzinski technique has been used to calculate the various cross 
sections needed to perform the ion production cost calculations in helium, argon, and 
cesium gases. In general these c ross  sections a r e  found to agree with existing experi­
mental data to within a factor of two or better. A discussion of this theory, its limita­
tions, and various atomic models to be used in conjunction with this method is presented 
as well as a detailed comparison with the existing experimental data. 

These c ross  sections were used to determine the ion production results for cesium 
and argon for the cases of (1)a monoenergetic beam incident upon a cold neutral gas and 
(2) a thermal electron gas interacting with cold neutrals. The energy cost per ion formed 
was found to be higher for case (1)than case (2) at a beam energy equal to the electron 
kinetic temperature. The ion production costs exhibit the expected trends, namely, that 
the atoms with the higher ionization potential and first excited states have the higher ion 
production costs and that these costs decrease with increasing electron kinetic tempera­
ture. 

The monoenergetic beam analysis is applicable only to the case  of a beam incident 
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upon a cold neutral gas. If the beam were incident upon a partially ionized plasma, the re ­
sults of a collision time comparison show that the beam energy would probably be random­
ized by setting up plasma oscillations. In this case it is assumed that the energy cost 
would be less than that for the previous case. 

In view of the simplicity of using the Gryzinski expression, an approximate ion pro­
duction cost calculation was made for  a general atom. The favorable agreement obtained 
between this method and the results for helium using experimental cross  sections indicate 
that the use of the Gryzinski cross  section is a very good approximation. The general 
atom results were also found to give very good agreement with the more detailed calcula­
tions in argon and cesium. It is therefore apparent that the general atom results can be 
used rather than make more detailed calculations for ordinary plasma energy balances. 
The results of a previous calculation (NASA TN D-3121) showing the effects of electron-
metastable atom collisions on the volume ion production results has also been presented. 
These collisions will cause a maximum reduction of cost in the case of the helium atom; 
since this effect was of the order of 25 percent in helium, they were not considered in the 
general theory. The general atom results could be applied to atoms in various ionization 
stages; however, in this case  any important interaction with the electronic excited states 
would have to be accounted for. The electron energy distribution results were derived 
for the case of steady-state, optically thin, partially ionized plasmas. These plasmas 
a r e  assumed to have an elevated electron kinetic temperature and a Maxwellian distribu­
tion of f ree  electron energies. Such plasmas are commonly generated in the laboratory 
in conjunction with plasma acceleration devices. Although the results in general repre­
sent only a portion of the power consumption rate  or species production rate  in an actual 
experiment, they a r e  quite useful. For example, these results could be used to evaluate 
the moments of the inelastic collision integral of the Boltzmann equation as was done by 
Chubb and Seikel (NASA TN D-3250) in the study of a low density Hall current ion accel­
erator. Furthermore, since the results do not depend upon the experimental configura­
tion, they a r e  general enough to be a useful and applicable aid in determining the overall 
power balance and species continuity calculations for most low pressure plasma devices. 

Lewis Research Center, 
National Aeronautics and Space Administration, 

Cleveland, Ohio, April 14, 1967, 
120-26-03-04-22. 
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APPENDIX A 

SYMBOLS 

cO 

E 

Eion 

Ej, 

E2  

e 

gexch 

gQ 

kTe 

M 

me 

mO 

N 

Nion 


N j  


'j 


normalization factor, ( 2 i r ~ ~ ~ ) ~ / ~ ~ ; / ~ ,( e ~ ~ / ~ ) ( g l / ~ )  

energy, eV 


rate at which energy is expended in ionization process, eV/(cm 3)(sec) 


ra te  at which energy is expended in excitation processes, eV/(cm 3)(sec) 


kinetic energy of bound electron in Gryzinski formula, eV 


kinetic energy of incident electron in Gryzinski formula, eV 


electronic charge, 1. 6 0 2 ~ 1 0 - ~ ' 
C 

defined by eq. (20) 

defined by eq. (17) 

electron kinetic temperature, eV 

total angular momentum quantum number for atom 

number of equivalent electrons in outer shell of target atom in Gryzinski for­
mula 

electron mass, 9. 108x10-28 g 

mass of neutral atom, g 

number density, cm-3 

ion production rate, (cm-3)(sec-1) 

production rate  of excited states, ( ~ r n - ~ ) ( s e c - l )  

normalized probability for inelastic process with energy loss U
j 
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P+ total normalized probability for ionization 

pn' normalized probability for ionizing in nth collision 

Q inelastic c ross  section, c m  2 


QT total inelastic cross section, c m2 


&+ ionization c ross  section, c m2 


Q(U, E2) inelastic c ross  
2 
section represented as function of U and E2 in Gryzinski 


&(Vel 

U 


ui 

u1 

'n 

'n+1 
-
U 


V 

W 

X 


Y 

Z 

DO 

7C 

TE 


7 
g 

cp 

'PB 


'PT 

20 

formula, c m  

inelastic c ross  section represented as function of electron velocity, cm 

energy loss in Gryzinski formula, eV 

ionization energy, eV 

energy of lowest level above ground state in target atom or first excitation 
potential, eV 

excitation energy in Gryzinski formula, eV 

cutoff energy in Gryzinski formula, eV 

energy loss in general atom calculations, eV 

velocity, cm/sec 

power consumption rate for volume ion production, W/cm 3 

dimensionless incident electron energy, E2/Ui 

dimensionless excitation energy, UL/Ui 

dimensionless electron kinetic temperature, kTe/Ui 

(cm2)(eV2)constant in Gryzinski cross  section expression, 6 . 5 1 ~ 1 0 - l ~  

electron-neutral collision time, sec 

beam electron - plasma electron collision time, sec 

growth time for plasma instabilities, sec 

ion production cost in general atom case,  eV/ion 

ion production cost for monoenergetic beam, eV/ion 

ion production cost for electron distribution case, eV/ion 

2 



I P  


50' dimensionless volume ion production cost, 


wP 
plasma frequency, s ec - l  


Subscripts: 


B electron beam 


e electron 


ex excitation 


exch exchange 


j, k dummy indices 


m mean value 


0 neutral particle 


tot total sum of all inelastic processes 
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APPENDIX B 

INTERACTION OF MONOENERGETIC ELECTRON BEAM WITH 

PARTIALLY IONIZED PLASMA 

An electron beam incident upon a partially ionized nonequilibrium plasma may inter­
act in a number of different modes. The electron beam may transfer its energy directly 
to the plasma neutrals or electrons, or it may also initiate plasma oscillations or insta­
bilities. If the beam interacts with the neutrals, it will ionize them directly, as in the 
monoenergetic electron beam case discussed in the text. If the electron beam interacts 
with the plasma electrons (which are assumed to have a Maxwellian distribution of elec­
tron energies), it will be thermalized with the free-electron gas. If plasma instabilities 
are generated, the electron beam energy may initially be randomized at some energy dif­
ferent from the beam energy and the plasma electron energy. A cursory analysis of an 
electron beam plasma interaction may be carried out simply by comparing (1)the time 
between electron-neutral collisions ' T ~ ,(2) the energy relaxation time for an electron 
beam thermal electron gas interaction, and (3) the growth time for plasma instabilities. 
The time between inelastic electron-neutral collisions is given by the expression 

The energy relaxation time for electron-electron collisions is taken from Spitzer (ref. 10) 
and may be written as 

3
V, 

where vB is the velocity of the beam electrons, A = (3/2e 3)(k3 3Te/nNe)1/2 in cgs units, 

and GeEB/kTe)1/2] is a function of the ratio of the beam energy to the free-electron 
energy, as defined in appendix A. 

A qualitative analysis of the two-stream instability (ref. 11)indicates that the growth 
time for plasma oscillations is proportional to the plasma period; therefore, 

22 




1
7 0:­
g oP 

where wP 
is the plasma frequency equal to 5.64~10~Nt’2. Typical energy relaxation 

and electron-neutral collision times are plotted in figure 9. In general, T will  be 
g

much less than either of these times. 
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APPENDIX C 

CROSS SECTION COMPARISON 

In this appendix c ross  sections obtained using the GryzinsA technique will be com­
pared with the available experimental data fo r  helium, cesium, and argon. The c ross  
sections a r e  compared for the cases of ionization, allowed excitation, total excitation, 
and radiation forbidden excitation. 

In general the semiclassical expressions a r e  found to give good overall agreement 
(with a factor of 2 o r  better) with experiment in the cases of ionization, total excitation, 
allowed excitation, and spin forbidden excitation. The results are not satisfactory for 
angular momentum forbidden excitations (AL # +l)when AS = 0 is satisfied. 

Ionizat ion 

The theoretical ionization c ross  section for cesium is compared with the experimen­
tal results of Brink (ref. 12) and McFarland and Kinney (ref. 13) in figure 16(a). The 
experimental maximum has been normalized to peak at the same energy as the theoretical 
curve (15 to 16 eV) since the experimental data were not obtained for these energies. 
The results agree to within 15 percent for peak absolute value but the agreement is not 
too good for energies above about 50 electron volts. 

A comparison of the results for argon and helium using the experimental data of 
Smith (ref. 14) and Golden and Rapp (ref. 15) is made in figures 16(b) and (c). Refer­
ence 15 did not employ mass analysis but the Ar" relative contribution has been ob­
tained from the curve shape given by Bleakney (ref. 16). The agreement for helium and 

The thresholdargon is considered acceptable throughout the energy range for ionization. 
behavior for the helium ionization cross  section is shown in figure 17(a). 
behavior goes from =(x - 1)3'2 for x 5 1.04 to a linear dependence on x for 

The theoretical 

1.04 5 2.0 (ref. 17). Figure 17(b) shows the threshold behavior obtained for argon is in 
excellent agreement with the experimental data. The c ross  section is a strong function 
of El near threshold, but the approximation El = Ui is not critical at higher energies. 

Allowed and Total Excitation Cross Sections 

The 6p cesium resonance state excitation c ross  section and the total excitation 
c ross  section are compared with the experimental results of Zapesochny and Shimon 
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(ref. 18) and Nolan and Emmerich (ref. 19), respectively, in figure 18. The calculated 
c ross  sections include the direct  excitation te rm only. The exchange contributions which 
are only significant near threshold are shown in the insert  on figure 18. The Un+l level 
used in the 6p calculation was the 7p state. The total inelastic c ross  sections have 
been calculated by letting Un be the excitation of energy of the first excited state in the 
atom Ul and Un+l = Ui, the ionization potential of the atom being considered. It can be 
seen from the figure that both calculated c ross  sections agree with the experimental data 
to within a factor of two over most of the energy range shown. The slope of the 6p c ross  
section differs from the experimental data by about a factor of three near threshold 
(25 A2/eV compared with 72 A2/eV). The threshold behavior is important ‘for calcula­
tions on low temperature plasma (kTe < 1 ev) (ref. 20) where in the case of cesium all 
electrons of interest have energies near Un. The sensitivity of the high energy excita­
tion cross  sections to  the choice of the Un+l level is also illustrated in figure 18 where 
the curve for the Un+l state is the 5d state as shown (ref. 21). Obviously the choice 
of the next state in the same spectral se r ies  as the Un+l state gives best agreement with 
experiment for allowed transitions in cesium. 

The predictions of the Gryzinski theory for the second and third members of the 
resonance ser ies  in helium (i.e . ,  3 1P, 41P levels) a r e  compared with the c ross  sections 
presented in references 3 and 22 in figure 19(a). The semiclassical values again agree to 
within a factor of approximately two with the Pesults of reference 3, and better agreement 
is obtained at high energy with the results of reference 22. The theoretical values peak 
earlier than the experimental results and have larger slopes in the region near threshold. 

A comparison of the theoretical total excitation cross  section in helium with the sum 
of the individual cross  sections given in reference 3 is shown in figure 19(b). Agreement 
is surprisingly good over the entire energy range presented (20 to 200 eV), although a 
detailed comparison at threshold was  not made. 

Excitation of Radiation Forbidden States 

The prediction of the semiclassical exchange cross  section for the 6s - 7s and 
6s - 8s, 6s - 5d, 6s - 6d radiation forbidden transitions (AL = 0, A L  = 2) in cesium 
a r e  shown in figure 20. The results are compared with inferred experimental values 
(maximum value and energy) and direct experimental results. In figures 20(a) and (b), 
the Un+l level was chosen to be the next allowed electronic level (7p and 8p, respec­
tively) instead of the next ser ies  level. The probability factor was not included since 
the excited states are effectively spin degenerate, that is, the energy differences between 
relative orientations of the spin and angular momentum can be neglected. Curves for 
these exchange c ross  sections where the Un+l state is chosen to be the next series state 
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(8s, 9s) w e r e  found to give only slightly better agreement with experiment as regards 
shape. However, their maximum values were generally a factor of two larger than the 
experimental value. The maximum cross  section values for either choice of Un+l 
values a r e  in reasonable agreement with experiment. However, the calculated cross  
sections decrease much more rapidly with increasing electron energy than the experimen­
tal cross  sections. In figures 20(c) and (d) the Un+l values used were the 7s and 8s 
levels, respectively. The calculated 6s - 5d cross  section also has the proper maxi­
mum value but decreases too rapidly with increasing electron energy. The calculated 
6s - 6d cross  section exhibits very poor overall agreement with experiment. 

The theoretical curves for the ground state 11S - 3 1S ( A L  = 0) excitation in helium 
is compared with the results of references 3 and 22 in figure 21(a). As was shown for  
the alkali case, the theoretical c ross  section drops off much too rapidly with increasing 
energy. Virtually identical behavior is observed for the A L  = 2 (11S -c 3 1.D) excitation 
shown in figure 21(b). The Un+l states were chosen to be the next level in the same 
spectral se r ies  although this should not make much difference since the energies of all 
of the next forbidden levels a r e  about the same. 

In helium, comparisons for spin exchange collisions (AS f 0) may be made. For 
these collisions the semiclassical exchange cross  sections give good agreement with 
experiment independent of changes in angular momentum quantum number. This can be 
seen from figures 2l(c) and (d) where the results are compared with experiment for 
excitation from the ground state to the 23P and 33S levels, ( A L  = 1 and A L  = 0, 
respectively). Again the Un+l states chosen were the next members of the same spec­
tral series.  The theoretical cross  sections peak at lower energy than the experimental 
results but exhibit essentially the same shape. 
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APPENDIX D 

INTERPOLATION CURVES FOR GENERAL ATOM RESULTS 

The results presented for the dimensionless volume ion production cost cp' in fig­
ures  13 and 14 do not interpolate linearly for y values not presented in these figures. 
The cp' values were  therefore normalized to 1 at y = 0 . 3 5  and plotted against y with 
the nondimensional electron kinetic temperature (z = kTe/Ui) as a parameter in fig­
ures  22(a) and (b). The results in figure 22(a) a r e  for the g =  (U2 + Ui)/2 case, and 
those in figure 22(b) a r e  for the v = U2 case. Table I(a) includes the values of q' and 
ql/ql(at y = 0.35)  for various y and z values for the = (U2 + Ui)/2 case, while 
table I(b) includes the same results for the = U2 case. 
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TABLE I. - DIMENSIONLESS VOLUME ION PRODUCTION COST VALUES AND NORhlALIZED DIMENSIONLESS VOLUME ION 


PRODUCTION COST VALUES FOR VALUES OF DIMENSIONLESS FIRST EXCITATION POTENTIAL y = U2/Ui AND 

DIMENSIONLESS ELECTRON KINETIC TEMPERATURE Z = kTe/Ui 

(a) V = (u2+ ui)/2 case. 
~~~~ ~~ 

Dimensionless Dimensionless first excitation potential, y 
'Aectron kinetic 

0.35 0.40 0.45 0.50 0.55 0.60 0.70 0.80 0.35 0.40 0.45 0. 50 0.55 0.60 0.70 0.80temperature, 
I 

Z I Dimensionless volume ion production cost, Normalized dimensionless volume ion production cost, 
cp'/cp' (at y = 0.35)- ­

.1 ,2879 1395 100 361.2 190.4 102.2 IO. 66 1.0353 0.0106 ). 0033 

. 2  121.3 75.2 48.3 31.83 21.4 14.71 7.22 3.68 ~ .121 .059 .03 

. 3  42.26 28.53 19.9 14.28 10.45 7.79 4. 50 2.69 I .184 .106 .063 

. 4  24.9 17. 56 12. 8 9.58 7.31 5. 68 3. 55 2.3 .228 .142 .092 

. 5  18. 1 13.1 9.81 7.54 5.9 4.7 3.09 2. 1 .259 .1?1 .116 
I 

. 6  ' 14.6 10.77 8. 21 6.42 5. 12 4. 14 2. 81 1.97 .737 .562 . 4 3 9 ~  .350 .283 .192 .135 

. 7  12.51 9.36 7.23 5.72 4. 62 3.78 2. 63 1. 88 .745 .578 .457 .369 .302 .210 .150 

. 8  11.13 8.41 6. 56 5. 25 4. 28 3. 53 2. 5 1.82 .755 .589 .471 .384 .317 .224 .163 

.9  10.16 7.74 6.08 4.9 4.02 3. 35 2.4 1. 77 .762 .598 .482 .396 .33 .236 .174 
1.0 9.43 7.23 5.73 4. 64 3. 83 3. 21 2. 33 1. 74 .766 .607 .492 .406 .34 .247 .184 

I 

1. 5 7. 52 5.89 4.75 3.93 3. 3 " 2.81 2. 10 1.63 1 ,783 .631 .52 .439 .373 .279 .217 
2 6. 68 5.29 4. 32 3. 6 ~ 3.06 2. 63 2.0 1.57 ' .792 .647 .539 .458 .394 .299 .235 
2.5 6.21 4.95 4.07 I 3.41 ' 2.91 2.52 1.94 1.54 .797 .655 .549 .469 .406 .312 .248 

I 3 5.91 4.73 3.9 3.29 2. 82 2.45 1.90 1. 52 .799 .659 .556 .477 .414 .321 .257 
4 5. 54 4.47 3.70 3.14 2.70 2.36 1.85 1.49 .807 .668 .567 .487 .426 .334 .269 

5 5. 32 4.31 3. 58 3.05 2. 63 2. 31 1.82 i 1.47 ' .810 .673 ,573 .494 .434 .342 j .276 
6 5.18 4.2 3.51 2.99 2. 59 2.27 1.8 , 1.46 .8106 .677 .577 . 5  .438 .347 ' .282 
7 5.08 4. 13 3.45 2.94 2. 55 2. 25 1. 78 1.45 .813 .679 .579 .502 .443 .350 .285 
8 1 5 4.07 3.4 2.91 2. 53 2.22 1.77 1.45 .814 .68 .582 .506 .444 .354 .290 
9 ' 4.94 4.03 3.37 2.89 2.511 2.21 1.76 1.44 .814 .681 .584 .507 .446 ,356 .291 

I lo 4.9 3.99 3.35 2.87 2.49 I 2.20 , 1.76 1.44 .814 ' .683 .585 ,  .508 .449 .359 .294 



TABLE I. - Concluded. DIMENSIONLESS VOLUME ION PRODUCTION COST VALUES AND NORMALIZED 

DIMENSIONLESS VOLUME ION PRODUCTION COST VALUES FOR VALUES OF DIMENSIONLESS FIRST 

EXCITATION POTENTIAL y = U1/Ui AND DIMENSIONLESS ELECTRON KINETIC 

TEMPERATURE z = kTe/Ui 

(b) = Ut case. 
- - - ~ - . - - ~ .-

Dimensionless electron Dimensionless first excitation potential, y 
_.~ . ~.kinetic temperature, 

- 0.35 1 0.40 1 0.45 'L-Ti5-rfii1-0.45Z .__-- .- .. __. 

Dimensionless volume ion production INormalized dimensionless volume ion production 
cost, cp' 

-__ __ ___. _. . . - ~~ 

.I 435 0.291 

. 2  30.34 .479 

.3 16.73 12.74 .569 

.5 7.92 6.47 -656 
1 5. 37 4.56 3.93 .849 .732 

2 3.95 3.45 3.06 .873 .775 

5 3.24 2.89 2.60 .892 .802 

10 3.02 2.71 2.46 .815 


__ 
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